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E Q U I L I B R I U M  AND 

F L U I D  D R O P  

V .  R .  O r e l  

S T A B I L I T Y  O F  A N  I N C O M P R E S S I B L E  

UDC 532.5 

Equi l ibr ium shapes and stabil i ty of axial ly  symmet r i c  drops were  investigated in detail  in [1-3]. The 
papers  [4-6] were  devoted to conditions of drop breakup following slow growth. Based on the resu l t s  of  [6!, a 
mechanism was suggested [7] for de termining  the sur face- tens ion  coeff icient  of  the fluid by the height of the 
drop at  the moment  of break-up.  Below we consider  equi l ibr ium and stabil i ty of an axial ly symmet r i c  drop, 
adjacent  to a bulk incompress ib le  fluid and bounded by a planar  f ree  surface .  Unlike [1-7], in studying the s ta -  
bi l i ty of  this sys tem [8] i t  is n e c e s s a r y  to take into account  per turbat ions  varying the volume of the drop. 
The re fo re  the c lass  of  stable equi l ibr ium shapes is narrowed down. 

1. Let  some volume Q of  an incompress ib le  fluid be in a uni form field of mass  fo rces  and be confined by 
solid walls of a container  S and by f ree  sur faces  Z and Z1. The surface  Z1 is planar ,  and ~ confines that par t  
of the volume,  prot ruding in the fo rm  of a drop at the outer  surface  of the conta iner  wa l l s .  We assume  that the 
wall sur face  near  the contour L is the base of the drop and the wetting cha rac te r i s t i c  of this pa r t  of the wall is 
axial ly symmet r i c ,  while the s y m m e t r y  ax i s  is para l le l  to the direct ion of the gravi ty  field g. We assume that 
the drop is also axial ly symmet r i c .  The contour radius of the drop base is denoted by R0, and the drop height 
by H. We introduce a cyl indr ica l  coordinate  sys t em {r, z, 0} with origin at  the center  of the drop base and a 
Z axis along the s y m m e t r y  axis inside the volume Q (Fig. 1). The coordinates  r and z a r e  dimensionless:  
r = R/R0, z = Z/R 0. 

We denote by s the path length measured  f rom the plane of the drop along the meridian.  The mer idian  
coordinates  a r e  given pa r ame t r i c a l l y  

r = r(s), z = z ( s ) ,  O ~ s ~  l, 

where l is the total length of the drop mer idian .  

The functions r (s ) ,  z(s) sa t i s fy  the well-known [1] sys tem of o rd ina ry  different ial  equations 

r" ( s )  = - - z ' ( s )q ( s ,  ~, p~,~,~" ~.l = r '(s)q(s,  6,  ~l), (1.1) 

q(s, ~, ~l) = ~z(O -:- ~t - -  z '(s)/r(s)  

and the boundary conditions ( -h  is the ordinate  of the pole of the drop) 

r(O) = O, z(O) = - - h ,  r(l)  = 1, z( l )  = O. (1.2) 

The dimensionless  p a r a m e t e r s  t ,  7? of  the sys tem (1.1) a re  
= , o g f l ~ / a ,  ~1 = PoRo/a,  (1.3) 

where p is the fluid density,  g is the acce le ra t ion  projec t ion  of the gravi ty  force  g on the Z axis ,  v is the su r -  
face- tens ion  coefficient  of the drop, and P0 is the p r e s s u r e  at the base  plane of the drop (z - 0). 
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For  fixed values  of h and ~ the de te rmina t ion  of drop equi l ibr ium shapes  r educes  to searchirq~ p a r a m e t e r  
va lues  fl =fl(h, 0 ,  for which the co r respond ing  t r ip le t  of numbers  {h, ~,/3} obtained is an in tegra l  cu rve  of s y s -  
t e m  (1.1), s t a r t ing  f r o m  the point ( 0 , - h )  of the plane (r ,  z) without leaving the half -plane{z s 0}, arid coinciding 
a t  the point  (1, 0). The calcula t ion of the p a r a m e t e r  fl is c a r r i e d  out by an i tera t ion method,  a t  each step of 
which the s y s t e m  (1.1) is in tegra ted  numer i ca l ly  in the p a r a m e t e r  s f r o m  s = 0  to [] = I ,  so that  z ( / )=0 .  The 
i t e ra t ion  leads (with some given accuracy)  to the equal i ty  r(l) = 1. 

It  m u s t  be noted that  the boundary condition r(0) = 0 (1.2) c r e a t e s  some  difficultie[] in a n u m e r i c a l  []olution 
of Eq. (1.1) near  the point s =0,  s ince r(s)  appear[] in the denominator  of the function q(s,  fl, ~). By d i rec t  
expansion of the indicated fea tures  of p r o b l e m  (1.1), (1.2) we find the following conditions of  f ini teness  of so lu-  
t ion a t  [] = 0: 

r'(O) = 5, r" (O)  = z'(O) = O, z" (O)  = (~1 - -  ~h) /2 .  (1.4) 

Relation[] (1.4) make  it  po[]sible to p e r f o r m  the fir[]t []tep at  the point [] = 0 by numer i ca l  in tegra t ion  of 
s y s t e m  (1.1) by the Runge-Kutta  method without r e s o r t i n g  to power expansions [1]. 

We also note that  for a r b i t r a r y  h the parameter [ ]  
= O, ~1 = 4h / (1  + h ~) (1.5) 

co r r e spond  to the following exact  solution of p r o b l e m  (1.1), (1.2): 

t :- h~ sin 2h r (s) = ~ ' ~ s, (1.6) 

Z(S) - i - - h  2 l + h "  2h i t~ l - - h  2 
2h 2h cos ~ s ,  0~-~s~ T a r c c o s l ~ _ h ~ .  

This can be ver i f i ed  by d i rec t  subst i tut ion of the function (1.6) with account  of (1.5) into Eq�9 (1.1) and 
boundary conditions (1.2). The solution (1.6) de te rmines  an a r c  of rad ius  (l+h2)/2h,  fo rming  a []pherical seg -  
ment  whose shape the drop would acqui re  under conditions of zero gravi ty .  

For  given h > 0 and value[] of V differing f r o m  (1.5), the p a r a m e t e r  fl co r responding  to the sohltion of 
p r o b l e m  (1.1), (1.2) is de te rmined  by the i te ra t ion  scheme suggested above. The dependence fl(h, :?) of the 
p a r a m e t e r  fl on 77 was calcula ted numer ica l ly  on a compute r  for va r ious  fixed values  of  the p a r a m e t e r  h. 
F igure  2 []hows the curves  off l(h,  0 for  the value[] h=0 .1 ,  0.5, 1, 2.5 (the line[] 1-4,  r espec t ive ly ) .  The func- 
tions fi(h, V) i n c r e a s e  monotonical ly  with ~, pa[]sing through zero ,  accord ing  to (1.5), a t  7 = 4h/(1+ h2). In the 
reg ion  0 < ~ <2 the dependence fi = f i ( h ,  ~?) is nea r ly  l inear  for fixed h. The line f l  = f l ( O ,  ~?) cor responding  to h = 0 
is ,  obviously,  the f i -axis ,  s ince for a r b i t x a r y  fl and 77= 0 the nece[]sary condition[] (1.1) for  an equi l ib r ium 
planar  su r face  {z-= 0} a r e  []atisfied identical ly.  

The behavior  of  in tegra l  curves  of equation[] of type (1.1) and the cor responding  drop shape[] were  inve[]ti- 
gated in detail  and i ! lus t ra ted  in [1-3]. Not providing the shapes  of the drop meridian[],  which a r e  fully con-  
s idered  in [1-3], we note that  for a given choice of d imens ion less  units drops  with s m a l l e r  V a r e ,  for a r b i t r a r y  
h> 0, fully contained inside drops  with l a rge r  values  of the p a r a m e t e r  7. 

2. To de t e rmine  the s tabi l i ty  of a given d ropequ i l i b r i um shape we use  the approach  of [81. We a[]sume that  
the container  wall[] S nea r  the contour I~ of the f r ee  su r face  Zt a r e  ve r t i ca l ,  and the corre[]ponding edge angle 
is 90 ~ i .e . ,  the su r f ace  Z�94 is p lanar .  Le t  (x, y) be Carte[]ian coordinate[] in the Z1 plane. The p rob l em (1.6) of 
[8] in the pe r tu rba t ion  u(x, y) of the su r face  Z1 acqu i res  then the fo rm 

- -  o i  (~z~a'-u + aZu)~/ = ~u (x, g) ,  (x, g) ~ El, an IL, = 0., (2 .1 )  
Ozt 1 

where  al is the su r face  tension coeff icient  of Z1, and n is the no rma l  to the contour L 1 in the E1 plane. 
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Obviously,  the function u0(x , y)--1 is a solution of p r o b l e m  (2.1), cor responding  to the eigenvalue k0= O. 
Since the ope ra to r  of  p r o b l e m  (2.1) is se l f -adjo in t ,  i t  follows [9] that  the r emain ing  eigenfuctions Uk(X , y) (k = 
1, 2, ...) of  this p r o b l e m  sa t i s fy  the condition 

f u0 , dzl = u d- l = 0 (2.2) 
z, -~l 

According  to [9], however ,  the ope ra t o r  of  p r o b l e m  (2.1) with i s o p e r i m e t r i c  bound (2.2) is posi t ively  
definite. Consequent ly ,  ~ = 0 is the s m a l l e s t  e igenvalue of p rob l em (2.1). 

We denote by ~ t ,  ~2, ... the o rde red  sequence of e igenvalues  of p rob l em (3.3) of [81 on the su r face  of the 
drop for  the case  of axia l ly  s y m m e t r i c  (n = 0) pe r tu rba t ions  u(s) 

- - u " ( s )  - -  r'(s)u'(s)/r(s) ~- ~(s)u(s) = ~.u(s), 0 < s < l, u'(0) = 0, 7.u(/) ! u'(l)  := 0, (2.3) 

where  T(s) is of the f o r m  [1] 
Tfs) = ~,.'(s) - -  [z'(s)/r(s) ]"--- r ' ( s )  z -  r"(s) ~-, (2.4) 

r(s)  and z(s) a r e  the solution of p rob l em  (1.1), (1.2), and the p a r a m e t e r  X is de termined by the wettabi l i ty  con-  
dition of the drop contour [1, 2]. 

Le t  wt be the volume of the f i r s t  eigenfunction of p rob l em (2.3). Using Eq. (2.5) of  [8] for w 1 r 0 or  case  
B [8] for wt =0, and taking into account  that  the s m a n e s t  e igenvalue of p rob lem (2.1) van ishes ,  it can be shown 
that  the sign of the min imum second va r i a t ion  of the potential  ene rgy  of s y s t e m  {Z, Z1} coincides with the sign 
of the f i r s t  e igenvalue  nl  of  p rob l em  (2.3). We note that  s ince p rob lem (2.3) for axial ly  s y m m e t r i c  per tu rba t ions  
of  the su r face  Z does not have i s o p e r i m e t r i c  r e s t r i c t i o n s ,  i t  follows f r o m  inequali ty (8.19) of [21 that  non- 
a x i a l l y - s y m m e t r i c  per tu rba t ions  cannot  be cons idered .  There fo re  the answer  to the drop s tabi l i ty  p rob l em is 
given by the sign only of the f i r s t  eigenvalue u t  of p r o b l e m  (2.3). 

Cons ider  the ca se  in which the fluid wets total ly the wall  sur face  S up to the drop contour L. The bound- 
a ry  condition of p r ob l em  (2.3) at  the point s =l acqu i res  then the f o r m  

u(l) := 0. (2.5) 

In the ca se  of  p rob l em  (2.3) with r e s t r i c t i o n  (2.5) for  the solution of the s tabi l i ty  p r o b l e m  of a given 
equi l ibr ium shape i t  is not n e c e s s a r y  to ca lcula te  the f i r s t  eigenvalue ~1 of p rob l em (2.3). It is sufficient  to 
in tegra te  the di f ferent ia l  equation of p r o b l e m  (2.3) for ~= 0 with init ial  conditions 

u(0) = i, u'(o) = 0. 

If,  then, u(s)> 0 for  al l  0 < s <-l, the equi l ib r ium shape  is  s table ,  while if a point s * ~  (0, t) is found such that  
u(s*) = 0, the given equi l ib r ium shape is unstable .  The s tabi l i ty  l imit  is r eached  if u(s) > 0, 0 <s <I,  but u(l) = 0. 
These  s ta tements  follow f r o m  the c o m p a r i s o n  t h e o r e m  [10] for solutions of s e c o n d - o r d e r  l inear  different ia l  
equations.  

Using the s tabi l i ty  c r i t e r ion  mentioned,  drop equi l ibr ium shapes  were  studied for  negat ive Bond numbers  
fl (1.3). For  va r ious  h values  calculat ions were  pe r fo rmed  along the cu rves  fi(n, ~) cons idered  in Sec. 1. 
F igure  3 shows the curves  ~*(h) and 77*(h), de termining  the s tabi l i ty  l imi t  of a drop of height h (=const) .  For  
/3</3*(h) the equi l ibr ium shapes of a drop of given height h a r e  unstable ,  while fo r  fl > fl (h),h ~ (0,1), t h e y a r e  s table.  
Fo r  h> 1 the re  a r e  no s table  equi l ibr ium shapes  with negative fl numbers .  S imi lar  s t a tements  concerning 
s tabi l i ty  for  ~ < ~* (11) or  ~/ > ~/* (h), r e spec t ive ly ,  follow f r o m  the monotoniei ty of the cu rves  fl(h0 ~) (see Fig. 2). 

We also note that/3*(0) = - ~ [ ,  where  ~1 is the f i r s t  roo t  of the Besse l  function J0(~) [101. This can be 
shown by pass ing  to the l imi ts  r '  ~ 1 ,  r " ,  z ' ,  z"--~0 in exp re s s ion  (2.4) and Eq. �9 (2.3). 
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TABLE 1 

,m=--? ,m--l=_V 
+y 

t 

0,05 
0, i0 
0,|5 
0,20 
0,25 
0,30 
0,35 
0.40 
0,45 
0,50 

i, 9 t748 t0. 97450 0,2 i~76 
/ 

1,853i6]0195255 0 36460 
i, 7985 i[ 0,9328510, 48322 
1,750H10,91482 0 58234 
l, 706t8 t0. 898 i4 0,66769 
l, 6657 i[018a259 0,7~2i4 
t, 6280410,8(1804 0,80872 
] 59275]0 85440 0,86790 
f,~)5937]0,84152 0 92ii3 
1,5277810,82939 0,96929 

? 
h I h 

0,33524 ),55 1,49774]0,8179~ 
0A2362 3,60 i,46901~0,80704 
0,47830 3,65 i,44i60t0 7967~ 
0.5i675 )rio 1,4i53i10,7869~ 
0154622 ) 75 i,39004~0 7776~ 
0.57017 ),801i, 3657210,76883 
0,59051 ), 851 i, 3423510 , 76042 
0.60830 ).90ii,31978[0,75237 
0162420 )195 i,29807|0,74473 
0,63865 i,00 1,27703[0,7374( 

a - - i=_ .~  

i,0i2981 0,65188 
i,05280 t 0,66411 
t,0892il 0,67546 
i, i2265[ 0,68606 
i, 15347] 0,69598 
l, 18196 t 0,70529 
1,208301 0,7t402 
1,232861 0,72228 
1,25569 i 0,73005 
i,277031 0,73740 

The calcula t ions  p e r f o r m e d  make it poss ib le  to fo rmula te  s tabi l i ty  c r i t e r i a  of the s y s t e m  of equi l ibr ium 
su r faces  {Z, Et} and for the case  f l=cons t .  We fix some number  f l 0 E ( - - ~ ,  0) and put 70 = ~*(h0) , w h e r e h  0 is 
the roo t  of the equation fl*(h) =r0. For  a given value of the Bond number  r0 any drop equi l ibr ium shape with 
d imens ion less  p r e s s u r e  7 is then p r i m a r i l y  s table  for 7< ~0 and unstable for  7> ~0. At the same t ime the drop 
height h sa t i s f i es  the inequali ty h < h 0 or  h > h0, r e spec t ive ly .  

We s t r e s s  that,  as shown above,  in pass ing  through a c r i t i ca l  value the s y s t e m  {Z, El} loses  s tabi l i ty  of 
s t r i c t  axia ! s y m m e t r y .  The re fo re  the p r o b l e m  of poss ib i l i ty  of  t rans i t ion  of a drop into a near  non-ax ia l ly -  
s y m m e t r i c  equ i l ib r ium shape,  cons idered  in [1, 4] in studying evolution of an isolated drop,  does not a r i s e  in 
the g iven case .  Consequently,  loss  of s tabi l i ty  under the condition r =cons t  is accompanied  by breakup of pa r t  
of the drop,  s ince for 7> 70 the re  a r e  no s table  axia l ly  s y m m e t r i c  shapes .  

3. As an example  of applying the s tabi l i ty  conditions obtained we cons ider  a poss ib le  scheme  of m e a -  
sur ing the suI f face- tens ioncoeff ic ien t .  For s o m e  p r e s s u r e  p at  the cen te r  of the drop base  with VOTLume Q 
(Sec. 1), r e s t r i c t e d  by f r ee  su r faces  Z and Zi (see Fig. 1), let  the drop be in a s tate  of s table  equili:brium. The 
p r e s s u r e  p can be measu red  quite accu ra t e ly ,  s ince it  is de te rmined  by the dis tance between the drop base  and 
the p lanar  su r face  Zt.  If the appara tus  on which the drop contour is fixed is quas i s ta t i ca l ly  displaced ve r t i ca l ly  
downward, the p r e s s u r e  p in the drop base  will  i nc r ea se .  We a s s u m e  that  the a r e a  of the su r face  Zl and the 
volume of the fluid underneath  it  exceed s ignif icant ly  the a r e a  of the drop base  and its volume.  After  achieving 
some  c r i t i ca l  p r e s s u r e  P0, p a r t  of the drop is then torn,  but the level  of the su r face  El is practicali ty unchanged, 
and the re fo re  the b r eak -up  p r e s s u r e  P0 can a lso  be m e a s u r e d  with the requ i red  accuracy .  

The e x p e r i m e n t  descr ibed  is p e r f o r m e d  at  a fixed value of the p a r a m e t e r  rio. Using expres s ion  (1.3), we 
f o r m  the new d imens ion less  p a r a m e t e r  

a = ~o/~1o = p g R o / p o .  (3.1) 

The p a r a m e t e r  ~ (3.1) is independent of the su r f ace - t ens ion  coeff icient  (r and is calculated d i rec t ly  f r o m  
the expe r imen ta l  r e su l t s .  Since (Sec. 2) r0=fl*(h0), ~0= 7*(h0), it follows f r o m  Fig. 3 that the p a r a m e t e r  o~(< 0) 
i n c r e a s e s  monotonical ly  on the in te rva l  0 < h-< 1. The re fo re ,  along with the dependences/3*(h),  7*(5} one can 
cons t ruc t  the functions fl*(cr), 7 " ( ~ ) , - ~  <~ < 0, a lso de te rmin ing  the s tabi l i ty  l imit .  Having, then, a graphica l  
o r  t abu la r  dependence of 7'(ot), by means  of (1.3), (3.1) one can then find the coeff icient  

cr = P o R o A l * ( ~ ) .  

Table 1 provides  the quanti t ies 7, h, co r responding  to some values of the p a r a m e t e r s  f~I and ]c~] -l .  

We note that  the method descr ibed  in [7] a lso  leads to a s e r i e s  of r e su l t s  of de termining the s u r f a c e - t e n -  
sion coeff ic ient  by means  of an approach  based  on the s tabi l i ty  conditions of  axia l ly  s y m m e t r i c  i n c o m p r e s s i b l e  
fluid drops obtained in [6]. The s tabi l i ty  conditions of [6] were  found within an exact  s t a t ement  of  the p ro b l em,  
and a r e  equivalent  to the s tabi l i ty  conditions of an isolated axia l ly  s y m m e t r i c  drop, der ived in [1, 2]. By the 
method of [7] it is n e c e s s a r y  to m e a s u r e  the drop height a t  the moment  d i rec t ly  preceding  its b reakup  for  
quas is ta t ic  ex t rus ion  f r o m  the ape r t u r e  of a known radius .  

A quite comple te  l i s t  of  r e f e r e n c e s  is a lso  given in [7], re la ted  to m e a s u r e m e n t s  of the su r f ace - t ens ion  
coeff ic ient  by s ta t ic  methods.  The authors  of [7] bel ieve that  the advantages  of  the i r  approach  over  the e a r l i e r  
methods a r e ,  in pa r t i cu la r ,  the following: the use  of exact  s tabi l i ty  conditions re la t ing  the p a r a m e t e r s  of the 
p r o b l e m  with drop heights m eas u red  in the expe r imen t  and with the unknown coeff icient ,  the poss ib i l i ty  of m e a -  
sur ing the coeff ic ient  a by the given method at  the boundary between two fluids, and the poss ib i l i ty  of measu r ing  
a for  a h i g h - t e m p e r a t u r e  fluid, when the drop height can be measured  by the same  opt ical  methods ,  but f r o m  a 
l a rge r  dis tance.  
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The e x p e r i m e n t a l  s chem e  cons idered  above,  based on the s tabi l i ty  conditions obtained in Sec. 2 within an 
exac t  formula t ion ,  p o s s e s s e s  the s ame  range  of appl icabi l i ty  as the method of [7]. We only note in addition that 
the c r i t i ca l  p r e s s u r e  in the s chem e  suggested can, in pr inc ip le ,  be measu red  m o r e  r e l i ab ly  than drop height 
a t  the momen t  p r e c e d i n g  b r e a k u p .  

The author  is g ra te fu l  to F. L. Chernous 'k i i  for  his i n t e r e s t  in this work.  
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C H A R A C T E R I S T I C S  IN  T H E  I N I T I A L  

O F  A D R O P  ON A S O L I D  S U R F A C E  

S.  V .  S t e b n o v s k i i  

S T A G E  OF T H E  S P R E A D I N G  

UDC 532.529.6 

A study of the p r o c e s s  of the spreading  of  a drop on a solid su r face  has been the subject  of many  inves t i -  
gations (see ,  e .g. ,  [1, 2]). In a l l  of these  inves t iga t ions  the p r o c e s s  of  spread ing  was cons idered  f r o m  the 
ins tant  of  t ime  when the drop could a l r eady  be r e g a r d e d  as a liquid body, having the f o r m  o f  a spher i ca l  s eg -  
men t  with an angle of wetting on the o r d e r  of 90 ~ However ,  for a p r e c i s e  formula t ion  of the p rob l em con-  
cern ing  the spread ing  of a spher i ca l  drop i t  is n e c e s s a r y  to have some  idea of how the boundary of wetting 
behaves  f r o m  the ins tant  the drop makes  contac t  with the solid sur face .  This is the p rob l em we address  in the 
p r e s e n t  paper .  

To study the ini t ial  s tage in the sp read ing  of a sphe r i ca l  drop on a solid plane sur face  we employed the 
expe r imen ta l  setup shown in Fig. 1. The pr inc ip le  involved here  is the following. When a i r  is admit ted into 
the pipette 1 a sphe r i ca l  drop 2 is fo rmed;  upon s epa ra t i ng  f r o m  the pipet te ,  the drop acqui res  the requis i te  
speed u 0 and falls onto the plane su r face  3. But be fo re  s t r ik ing  the su r face  it  i n t e r sec t s  a light r a y  in the opt i -  
ca l  s y s t e m  consis t ing of the light sou rce  4 and the photocell  5; consequently,  a f t e r  a r equ i s i t e  t ime delay, the 
device 10 ene rg izes  the h igh-vol tage  R C - o s c i l l a t o r  9, which furn ishes  a s e r i e s  of h igh-vol tage  pulses  to the 
hydrogen f lashtube 6. Per iod ic  f lashes  of  light f r o m  the la t ter  pass  through the shadowgraph 7 in whose field 
of  view the drop a ppea r s ,  sp reads  out on the solid su r face ,  a r eco rd ing  of which is made by the pho to reg i s t e r  8 
(a t r a n s p a r e n t  ro ta t ing  d rum with a f i lm).  Thus,  the p r o c e s s  to be studied is r e co rded  f r a m e  by f rame.  More-  
ove r ,  with the aid of the two m i r r o r s  11 (see Fig. l a ) ,  a r e c o r d  is obtained of the spreading  of the drop 2 on 
the t r a n s p a r e n t  plate  su r face  3, in two pro jec t ions  s imul taneously:  f r o m  the side (rays a-a) and f r o m  below 
( rays  b - b ) .  
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